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BOUNDARY BEHAVIOR OF HARMONIC
FORMS ON A RANK ONE SYMMETRIC SPACE

BY
AROLDO KAPLAN(!) AND ROBERT PUTZ(2)

ABSTRACT. We study the boundary behavior of 1-forms on a rank-one
symmetric space M satisfying the equations dw = 0 = §w; the role of
boundary is played by a nilpotent (Iwasawa) group N of isometries of M. For
forms satisfying certain HP integrability conditions, we obtain the existence
of boundary values in an appropriate sense, characterize these boundary
values by means of fractional and singular integral operators on the group
N, and exhibit explicit isomorphisms between H? spaces of forms on M and
the ordinary L? spaces of functions on the group N.

Let M be a Riemannian manifold and let § be the adjoint of the exterior
differential 4 on M. The equation dw = 0 = 6w can be considered as a
generalization of the classical Cauchy-Riemann equations. Their solutions
were studied by Stein and Weiss in the case M = R” X R* with the euclidean
metric (conjugate systems of harmonic functions) [9], by Koranyi and Végi in
the case when M is a euclidean ball in R” [7], and by Coifman and Weiss in
the case M = G X R*, G being a compact Lie group with the bi-invariant
metric [1]. )

In this paper we consider the case when M is a noncompact symmetric
space of rank one, define H” spaces of 1-forms satisfying the above equations
and study their boundary behavior. The role of boundary is played by a
nilpotent group N of isometries of M, which is the Cartan-conjugate of N in a
fixed Iwasawa decomposition G = KAN of the connected group of isometries
of M [5].

A right action of the solvable group § = AN induces a decomposition of
the tangent bundle of M along the 4 and N-directions (“vertical” and
“horizontal” directions, by analogy with the upper half plane). It is shown that
if a form w is in certain H? classes, its components along these directions have
boundary values and that, moreover, the boundary values of the horizontal
components can be obtained from the boundary values of the vertical
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component by means of fractional and singular integral operators on the
group N (the Riesz transforms). The kernels of these operators, introduced in
§2, arise as left-invariant derivatives of a fundamental solution of a second-
order hypoelliptic operator on the group N. We are then able to recover a form
w in H? from the boundary value of its vertical component, and to establish
in this manner canonical isomorphisms between the H” spaces of forms and
the ordinary I? spaces on the group N.

1. A class of vector fields on M. The symmetric space M can be expressed
as a homogeneous space M = G/K where G is a semisimple group of
isometries of M and K is a maximal compact subgroup of G. Let g, f denote
the Lie algebras of G and K, B the Killing form of g, and p the orthogonal
complement of ¥ in g relative to B. If #: G - G/K denotes the canonical
projection, its differential at the identity, =, , identifies the subspace p of g with
To(M), the tangent space of M at the origin o = (e), and the invariant metric
g on M can be chosen so that g, corresponds to the restriction of B to p X p
under the above identification.

Let a be a maximal abelian subspace of p, A C a* the corresponding system
of (restricted) roots, and for each a € A let g, denote the corresponding root
space. Let A, denote the system of positive roots relative to the choice of a
fixed lexicographic ordering in a*;if a € A,, we write 8y = 6_o- Then
n =3, ca, 8, 1 = Zyea, G, are nilpotent subalgebras of g, and if 4, N, N,
are the connected subgroups of G with Lie algebras q, n, i, one has the
Iwasawa decompositions G = KAN and G = NAK.

Now, § = NA is a solvable subgroup of G and the above decomposition
shows that every p € M can be uniquely writtenasp = s o (s € §). We can
therefore define a right action 7 of § on M by letting

()5 0)=5s-0 (5,5 €8).
For each X € 3 = 7 + a define a vector field X on M by letting
(1 X o = %(Ad@)X),,, (n € N,a€ A).

Now let X be any nonzero element of 3; for each fixed a € A, the vector field
7,(Ad(@a™")X) never vanishes on M, because Ad(a7!) is an automorphism of
8 and 7 is a free action; therefore, the same is true of the vector field X. It then
follows that X — X maps a basis of 3 into a global frame of vector fields on M.

We shall now compute the Lie brackets and the inner products between
vector fields induced in the above manner. Fix a € 4; the mapping ®,: n
—na-oisa dlffeomorphxsm from N onto the submanifold Na- o C M, and
if X € 1, then X = (9, XDngor Therefore the vector fields X, (X € fi) are
tangent to the submamfolds Na-o, and the map X — X is a Lie algebra
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homomorphism from i into the Lie algebra of all smooth vector fields on M.
On the other hand, if ny € N, a, € 4, the diffeomorphisms of § given by
na — nnya and na — naya commute with each other; it follows that if H € a,
then [H, X] = 0 for every X € 8.

Now, let X € 3; the induced vector field X can be expressed as X,
= (na), ('rr*e(Ad(a")X )), and from the invariance of the Riemannian metric
g, it follows that

Q) 240X 7) = g,(m,(Ad(@ ) X), m,(Ad(a™))Y)) (X,Y € 3).

Let @ denote the Cartan involution associated to the decompositiong = f + p
and let (-, - ) denote the inner product — B(-, #-) on g. Then

80(mo(Z)), 1. (Z,)) = B(3(Z, - 0Z,),4(Z, - 62,))

(3) )
= 12,,2,) - 1(z,,02,).

Now using (2) and (3), together with the fact that the subalgebras a, n, and
fl = On are mutually orthogonal relative to the inner product (-, -), one gets
the following expression for the inner product of two arbitrary vector fields
induced from 3:

@) guo((H + X)) ,(Hy, + X,)) = (H,, Hy) + }(Ad(a™") X, Ad(@™")X,),

where H,, H, € o, X, X, € T.

In particular, if X is a root vector corresponding to the root —a (a € A,)
and H is in a, then the induced vector fields A and X are orthogonal, # has
constant length equal to (H, H )l/ 2, and the length of X is given by

) 8rao (X, X) = Je2loed(x, x).

In §3 it will be useful to have at our disposal a formula for the codifferential
(or “divergence”) dw of a 1-form w in terms of the vector fields introduced
above. First of all, if ¥, ..., Y, is an orthonormal frame defined on an open
subset of a Riemannian manifold (V, g), and w is a 1-form on V, then
b0 = 3, ((¥) — ((R)(1), where (%) = 3, g(¥, Y1, ¥); this expres-
sion is easily derived from any of the standard definitions of the operator é.

Now choose a basis {H], X, ;} of the Lie algebra 3, such that H; € q, X,
€ @,, and orthonormal with respect to the inner product (-, -) = —B(-,8 *).
Letting e* be the function on M whose value at the point na-o (n € N,a
€ 4) is ¢ from definition (1) it follows that B =r1(H) and X, ;
= %1, (X, ;). Therefore (5) implies that {r, (H,),\/21, (X,,)} is an orthonor-
mal frame on M. Since 7, is a Lie algebra homomorphism, the relations
(H;, X, ;] = —a(H)X, ;, [X, j, Xpg4] € G,y p imply that, relative to this ortho-
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normal frame, #(7,(X,,)) = 0 for all a, j, and (7, (H,)) = —3,ca, mya(H) =
—2p(H;) (Where as usual we put m, = dim g,, p =13, a,m,a). Hence
8w = 3 7, (H)w(r, (H))) + 2 Ea] ; T (X, jJol(me (X, ;) + 2 ? p(H,)w(H).
1
Now 3,0(H)H; = H,, the vector dual to p; since 7,(X,,) = e X, ;j and the
vector field X, ; annihilates the function e ™% one obtains

6) =3 Au)+2(A)+2 3 K, 0k,

Now assume that the rank of M is one. One can then choose a positive root
a such that either A, = {a} or A, = {«,2a}. Let H, € a be the vector such
that a(Hy) = 1; then

(Hy, Hy) = B(Hy, Hy) = trace(ad Hy)?= 2(m, + 4m,,).

Now set n = (16(m, + 4m,,))~"! and m = m, + 2m,,; then the vector
(8n)'/2H, has unit length, and since (H,, Hy) = p(Ho) = §(m, + 2m,,) =
m/2, one obtains H, = 4ymH,. Let {X,}7=, and {Y;}724 be orthonormal
bases of g, and g,,, respectively; then (6) now implies

8w = 8nHyw(Hy) + 8nmuw(Hy) + 267 3 X o(X)

(@) oo o
+2e7% S Tu(T).
J

For notational convenience we replace the vector field A, (which has
constant length) by the vector field W = ¢>*H, which grows on the order of
the vector fields induced by the elements of g,,. Since I-To(e'z"‘) = —2¢ 2
and Hyw(H,) = e Ww(W) — 2¢"2%w(W), we obtain from (7):

LeMMA 1. In the notation above,

%ez"‘&o = e 2 W) + (m — 2)a(W) + % S % o(%)

1 ;
+¢ S ()

2. Riesz transforms on N. This section is concerned with some analysis on
the nilpotent group N. In particular, we will construct some integral operators
on this group which will play a central role in the characterization of the
boundary values of harmonic forms on the space M.

From now on we assume that the rank of M is one; thus, T = §, ® @5, Let
{X;}, 1 < i < my, be an orthonormal basis of §,, and define
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®) L=3X}
1

then L is a differential operator on N which is independent of the choice of
orthonormal basis of g,. Note that L is not elliptic, unless g,, = (0) (in this
case, which occurs when M is a real hyperbolic space, N is isomorphic to R”
and L becomes the standard Laplacian); however, since any basis of g,
constitutes a system of generators for the Lie algebra 1, a result of Hérman-
der [4] implies that L is always hypoelliptic. Our first objective will be to
obtain an explicit fundamental solution for this operator.

For X € g, set |[X| = (X, X )l/ 2 The following lemma holds without re-
striction on the rank of M.

LEMMA 2. Let a be a restricted root, X € §,, and Y € Gy,. Then |[Y,6X]|
= V2ol |X||Y|. If {X;}, 1 < i < my,, is an orthonormal basis of G, then
Mgy
2 XX = 2myy ol | X[,

Proor. We have

[Y,0x]* = - B(Y,6X),[0Y,X]) = B([Y,0X), X],07).

Since [g,,d,] = (0), [Y,0X], X] = —[Y,[X,6X]] by Jacobi’s identity. Now
[X, 0X] = — B(X, 6X)H, = |X|’H, and [Y, H] = 2a(H,)Y = 2|a*Y.
Therefore

[Y,0X]17* = —2lal*| X2 B(Y,0Y) = 2la)*| X *|Y]?,

proving the first identity.
Now let {X,-}, 1 < i< my, be as above, and choose an orthonormal basis
{¥}, 1 <j < my,, of §,,. Then

2 & 2 & 2
X1 = 3 006 xD* = 3 Qy0x0, %)%
adding overi = 1, ..., m,, one gets
& 2 & 2
2 XXl = 2 I[y,0x]°.
i=1 j=1
But the first part of the lemma shows that every term in the last sum is equal
to 2|a|2|X ?, finishing the proof.
Any element n € N can be written uniquely as n = exp(X + Y), with

X €3,, Y € §,- A function F on N will be called biradial if there is a
function f(u,v) of two real variables such that
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Flexp(X + Y)) = f(x %Y ).

LEMMA 3. Let F be a smooth biradial function on N, F(exp(X + Y))
= f(XP%|YP) = f(u,v); let X' €G,, Y’ €8,, and let L be the operator
defined by (8). Then, for n = exp(X + Y),

@ (X'F)(n) = 2(X", X)3f/3u + (X, X’], Y )f/ v,
(i) (Y'F)(n) = 2", Y)df/ b,
- (LF)(n) = 41X [20%f/au® + 2la?| X |*|Y|*0%f/ 30
+2m_ 8f/du + myy |al*| X173/ dv.
ProoF. For ¢t € R, one has
exp(X + Y)exp tX’ = exp(X + X’ + Y + 1[X, X")).
Therefore
Fnexp tX') = f(IX + X', |Y + b[x, X)),
and
GFoew ) = 20,x) + X PV L + (@l xD + el x1H 2.

Therefore
, _d , _ arvr vy O ]
(X'F)(n) = th(n exp tX )l'=0 =2X ’X)_au + ([Xx,X], Y)E’

showing (i); also

2
(X?F)(n) = %F(n exp tX’)l
dt t=0
— ax x2S 2 : 0
) 4X,X’) P + (V,[X,X']) o +4(X, X')(Y, [X, X ])m
2| X' 0f/u) + 11X, X1 35/ 20).
Now, if {X;}, 1 < i < m,, is an orthonormal basis of g,, one has 3; (X,X,-)2

2 2
= XI5, 3 1X|° = m,, 2, (X, X,)(Y,[X,X,]) = (V,[X,X]) = 0; also, Lem-
ma 2 implies
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S (XD = 2 0v0x]x) = [v,6x]7

2112 v [2
= 2lal"|X|"|Y]

and
S XX = 2myg ol | X7,

Letting X’ = X; in (9), it now follows that (LF)(n) = 3, (X,-2 F)(n) is given
by (iii). Since (u) is clear, this proves the lemma.

For each & > 0, define a function ||n|l, on N by ||n|, = n(le +£2)
+ Y] where n=-exp(X +7), X € T,» Y € Gy, and 7 denotes the con-
stant |a| 2/8 = ( 16(m, + 4m2a)) . One verifies that under the “dilations” of
N induced by the group 4,

(10) llana™'|, = e'4°‘(l°g")||n||e», ¢ =8y 44

In particular, ||nll, = 5|X |* + |7)? is a “gauge” on N, in the sense of Koranyi
and Vagi [6], which satisfies the homogeneity condition

(1) llana™" |}, = e'4“(1°g")||nllo, a €A

From now on we shall assume that m = m, + 2m,, > 2; this excludes the
cases when M is the real hyperbolic space of dimension 2 or 3. Now, set
k= }(m + 2m,, — 2) = }(m — 2); since dim N = m, + m,,, the function
lInlL Lis integrable on N for every e > 0; one can then introduce a constant
Bby Bt = —anm, Sy lInl™

THEOREM 1. The function G(n) = ,Bllnll(;k is a fundamental solution for the
operator L.

PROOF A straightforward application of Lemma 3 to the biradial function
InlL shows that

(12) L(Inl*) = —aknm & [In]* !

In particular, LG(n) = 0 for all n#e.
We claim now that L( ,BllnIL ) is an approximate identity as ¢ — 0. In fact,
by (12) one has

o Letyn = [ [ 1t an]” [ it

But, via the change of variables n — a”!

formula (10) shows that

na, with a = exp eHy, a(H;) = 1,
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2,1~k-1 —k-1
Jo Il dn = [ Inl " dn (> 0).
Therefore L(,BIInIL ) is a positive L-function on N with L'-norm one.
Moreover, the same change of variables shows that for any § > 0,

“Kydn = — 20 -k-1
flln!l>s L(llnll. ™) dn = —4kmqn & [|nll," " dn

llnll>6

k=1 4
-4k
Mt [ e I
so that hme—>0f|n11>8 L(|Inll; ¥Ydn = 0.

Now, if f is a continuous function on N with compact support, and g is
smooth, then D(f * g) = f * Dg for any left-invariant differential operator D
on N, where the convolution is given by f* g(n) = fg f(nl)g(n",n)dnl.
Hence

L(f+ G) = lim L(f» Bll*) = lim £ » L(BInI*) = 1.

This finishes the proof of the theorem.

REMARK. In the case when N is the Heisenberg group (M = complex
hyperbolic space) this fundamental solution was obtained by Folland [2].

DErINITION. For Z € T, the Z-Riesz kernel is the function r,(n) = ZG(n),
n#e.

A straightforward application of Lemma 3 gives the following expressions
of the above kernels:

r,(n) = —kBllnly* ' [4n|x 2(Z,X) + (X, Z], Y)] for Z € G,, and

rz(n) = —ZkBIInII_k I(Y,Z) for Z € §,,.

Under the adjoint action of 4 on N, these kernels satisfy the homogeneity
properties

ry(a”'na) = eVl () for Z € G,, and
rz(a”'na) = ™ CB) (n) for Z € Gy

in the latter case, one also has rz(n_') = —r,(n). Thus, the functions r, can be
considered as fractional integral kernels (for Z € §,) and singular integral
kernels (for Z € §,,), and a standard argument gives

THEOREM 2. The convolution operators defined by Ry f = f * ry are:

(a) bounded operators from IP(N) into I?(N), for 1 < p < o0 and Z € Ty,,

(b) bounded operators from IP(N)into LA(N), for 1 <p <m,1/qg = 1/p
- 1/m,and Z € g,.



HARMONIC FORMS 377

For more general results on fractional and singular integral operators on
nilpotent groups see Stein [8] and Koranyi and Vagi [6].
We also note that these Riesz transforms satisfy the formal properties

XORY_YORX=R[X,Y] (X,YEﬁ),
(13) ? X; o Ry, = identity ({X;} orthonormal basis of g,).

We finish this section with a technical result that will be needed later.
LemMA 4. If F, F, are biradial functions on N, then F; * F, = F, * .

Proor. With n = exp(X + Y), n = exp(A’] + };) and E(CXP(X + Y))
= f(XP,1Y?), one has

Fix B(n) = [ EO)E("n,)dn
= f.fl(|X|2’|Y|2)f2(|X| - x4 1% - ¥ =[x, X)) ax av.

Under the orthogonal change of variables X — X’ = 2((X,X,)/|X |2)X, - X,
one has, | X; — X’| = |X; — X| and [X, X;] = —[X",X]]. Thus,

R+ Bm) = [LOXP1YP) 0% - XPL 1K = ¥ + 40X X7 dxay
= [ F(Fym™"Ydn = Fy» F(n),

proving the lemma.

3. Boundary values of harmonic forms. We regard the nilpotent group N as
a boundary for the symmetric space M, as, for example, in [S]. A function
on M is said to be uniformly in LP if there exists a constant K such that
[#|®(na - 0)|P dn < K for all a € A. If the family of functions {®,, a € A}
on N given by ®,(n) = ®(na - o) converges to a function ¢ on N as a —» 0
(in L?, uniformly, etc.), one simply says that ® converges to ¢ or that @ is the
boundary value of ®. The following facts are well known: Let 1 < p < co and
let ® be a harmonic function on M which is uniformly in L?. Then ® has a
boundary value ¢ € LP(N) to which it converges in L? and almost
everywhere. The Poisson kernel is the function P on N X A defined by

P(n,a) = B(n) = exp{—2p(H (a"'na) - log a)}

where for each g € G, H(g) is the unique element in a such that g
= kexp H(g)n(k € K,n € N).If ¢ € IP(N) one defines the Poisson inte-
gral of @ as the function ® on M given by
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B(na - 0) = ¢ x B() = [ ¢lm)Po(n~'n) dnys

then @ is harmonic on M, it is uniformly in I, and its boundary value is the
original function ¢.

We shall now define H? spaces of differential 1-forms. The need for
different integrability conditions for different components will be apparent in
Theorems 3 and 4.

DEerINITION. For 1 < p < m(m = m,+2m,,), let g be given by /g
= 1/p — 1/m, and let H” be the space of all 1-forms on M such that

(i) do = 0 = bw.

(ii) The functions w(X') (X € §,), are uniformly in 7.

(iif) The functions w(W), w(¥) (Y € §y,) and 3, X;w(X;) (X;} orthonor-
mal basis of §,) are uniformly in I?.

REMARK. It should be pointed out that the components w(#) and w(X) are
not harmonic (except when X belongs to the center of T, a fact that is used
below). Although replacing these vector fields by the infinitesimal isometries
induced by fi would give harmonic components, such vector fields are
inappropriate in the present context.

Our next objective is to associate a form W € H? to each function
f € I?(N). For this we will need a kernel Q on M defined by

Qlna - 0) = Q,(n) = cW(B + G(n)) = W [ B(2)G(g™'n)dg

where G is the fundamental solution for the operator L introduced in §2, and
¢ is a constant to be specified later.
Under conjugation by A, the kernel Q satisfies the homogeneity property

(14) 0, (a'na) = emelosdg . (p),

In fact, for the Poisson kernel one has B.(a”'na) = e"m“(l°3“)}f,,a(n) and
therefore, WP,(a~'na) = e ™ WP, (n); on the other hand, G(a 'na)
= e'(’"'z)"‘(hgg) G(n) so that (14) follows by the definition of Q as the
convolution of WE, with G.

LEMMA 5. For an appropriate choice of the constant c, the kernel Q, is an
approximate identity on N, that is:

() Q,(n) > 0 and @, € L'(N),

(i) Sy Q,(n)dn = 1 for all a € A4,

(iii) lim,_, o, Sie) Qu (M dn =1 for all € > 0, where a, = exp tHy and N(e)
={n € N: | < ¢}

ProOF. The proof of the integrability of Q, is more involved than one
would perhaps expect.



HARMONIC FORMS 379

First of all, since B, * G(n) is a monotone function of f, the kernel
WI,’,, * G(n) = WP * G(n) = ¥ (d/dr) B, + G(n) has constant sign; therefore,
by Fubini’s Theorem, the integrability of 0, will follow from the existence of
the iterated integral

(15) fgfgu (WB *+ G)(exp(X + Y))dXdY

(in this proof we systematically use X, X’ and Y, Y’ to denote elements of
g, and §,, respectively). Secondly, because of the homogeneity property (14)
it is enough to consider the case a = e = identity.

Now, if n = exp(X + Y) and n’ = exp(X’ + Y’), then

" ln=expX-X'+Y-Y + X, x),
where X — X’ € G, and Y — Y’ + }[X,X’] € §,,. We then have
WE * G(1X1,|Y])
(16) .
= [ PRAXLIYDGAX = XLIY = ¥+ X, X ) dxay

where we write F(|X/|,|Y|) = F(exp(X + Y)) whenever F is a biradial
function of N. Integrating over §,,, and since the integrand in (16) has
constant sign as a function of Y, we can exchange the order of the integrations
over g, and 7 and get

a7)
f, WE*Gx|IYhay

= fﬁ WE(X'|, IY’I)( j% . Glx-Xx|lyr-v + %[X,X']l)dY) dx'dy’

= [eax v ( [ 60x - X Ivar)ax-ay
il 824
because of invariance under translations. Since

G(IX = XL,1¥]) = Balx — x'|* + ¥ )%,
the change of variable ¥ — 7"/2|X — X '|2 Y shows that

Jo GUX = x| I¥])ay = po/math|x — xo P [ (14 ¥R ay.
82a B2a

Since under the assumption m, + 2m,, > 2 one has
2k = %(ma + 2m2a - 2) > my, = dim 62",
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the last integral exists, and we conclude that

[ wB+G(x||r)ay
T2
(18) 2mq -4k

= G, [ WE(X'LIYDIX ~ X" ax’ ay’
where C; is a constant. Now, let £ = {X € §,: |X| = 1} and introduce polar
coordinates in ,: X’ = p§, 0 < p, £ € Z; since 2my, — 4k = —m,, + 2 the
last integral becomes

w - —
(19) J7 10 [, 1x = ot g o ap
where I(p) = f; WE(p,|Y|)dY. Now, consider the function

X - fz o™X — g2 ag;

it is continuous on g, smooth and harmonic for |X| # p (with respect to the
Laplacian associated with the inner product (-, ©)), invariant under the
corresponding rotation group, equal to ¢ = measure of 2 for X = 0, and not
identically constant. One can therefore see that

_ for | X|
-1 my+2

X — ¢ gg = _

fy e ¢l ¢ { o™ 2| x|+ for |X|

which implies that (19) can be rewritten as

<o
Zp

’

—ma+2 x| Mmg—1 o
(20) ol X| fo I(p)o dp+0f|x|1(p)pdp-

In order to evaluate I(p) we make use of the formula [3, p. 65]
BAXLIY]) = e[ + X ) + acly T
where ¢ = (4(m, + 4my,))"", m = my + 2my,, which yields
1) = [ WE(p.|Y])aY
824
=-m [ [(1+cp®)? +dely ]!
82

X [(1+ co?)? + 4e|Y > = 2(1 + cp?)]4Y.
After the change of variable Y — (1 + cpz)Y, this becomes
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1(p) = const - [2b(1 + ¢p?) "atmatD) _ (1 4 o2y~ (matma)y

where

-1
— 2\—m/2+1 4 2\-m/2
b [fc_m(l +4dYP) dY] fﬁh(1+ Y™ ?ay.

Evaluating these two integrals gives b = m™! (m, + my,). Now, substituting
this expression for I(p) into (20), one checks by differentiation that (20) equals
C(1 + c|x[*)"e*™a=) " \here the constant C is given by C = o(m, — 2)
 [2em(m, + m,, — 1), Therefore,

(1) fﬁh WE * G(|X|,|Y|)dY = const - (1 + ¢|x|?) metma=1)

Since 2(m, + my, — 1) > m, = dim §,, the above expression is integrable
over §,; we have therefore shown that (15) exists, so that WP G is
integrable. Now choose ¢ so that Q, = cWP * G has integral equal to one;
then 9, > 0 and by the homogeneity property (14) one has

(22) Q,(n) = ¢malloga) 0, (@ ' na)

so that @, > 0 for all @ € A. This finishes the proof of (i).
Integrating (22) and recalling that the Jacobian of the change of variable
n— ana~!is e~m(08) one gets

Jy Carrdn = &% [0 (@ na)dn = [ 0 (rdn = 1,

proving (ii). On the other hand, letting a = a, in (22) and integrating over N (e)
one gets

. .mt -1 _
fN(E) Qal(n)dn =¢ fN(e) Q.(a; " na,)dn = -/;,"N(e)a, Q.(n)dn.

Since [la; " na,|| = €*|n|, it follows that a'N (e)a, = N(ee). Therefore, as
t = +oo, the last integral converges to fy Q,(n)dn = 1. This shows (iii) and
finishes the proof of the lemma.

REMARK. Although the kernel Q, is not an elementary function in general,
formula (21) gives its integral over g,, . In particular, when g,, = (0) (case of
real hyperbolic space) one gets the explicit expression

0, (X) = Ceme /(e + X )™,

Now, for each function f on N for which the following convolutions make
sense, define a 1-form wyon M by
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wf(W)na-o = f* Qa (n)’
&R )ao = f* Brryln) (X € 7).

As before, all convolutions are taken on the group N. Note that, if f is
sufficiently nice, then f * P * G exists and wy is just the exterior derivative of
this function; but this convolution is not in general defined for f € I[’(N) and
pin the full range 1 < p < m.

THEOREM 3. Let 1 < p < mand let f € IP(N). Then

(i) wy is well defined and belongs to H?,

(ii) w{W) converges in IF and a.e. to f,

(iii) for each X € G, (resp. X € ), wy(X) converges in L (resp. If) and a.e.
to the Riesz transform Ryf = f* ry.

Proor. For f € I’(N), the convolutions f #+ P and f * Q are smooth func-
tions on M which are uniformly in I”(N). Since the Riesz transforms are
defined in IP(N), it follows that w; is a well-defined differential form on M.

Now notice that if f{n) and F(na - 0) = E,(n) are functions on N and M,
respectively, then derivatives of the convolution f* F, with respect to the
vector fields X satisfy X(f * E,) = f * XE,. Therefore, for X, Y € 7 one has

(23)

Xo(Y) = Yo (X) = f+ P+ (Xry — Yiy) = [+ Pxryy = (X, 7))

Also, since X and W commute, Xo (W) — Wui(X) = 0 = w{[XW]). Since
the vector fields X, W (X € 1) span the tangent space to M at every point, it
follows that w; is closed. In order to show that it is coclosed, we may assume
that f is, say, continuous of compact support, the result for a general
f € IP(N) following by a standard approximation argument. Then dwy
= 8d(f* P* G) = A(f* P * G), where A is the Laplace-Beltrami operator
on M; since P and G are both biradial, the function f* P+ G = f* G * P is
harmonic, and so is annihilated by A.

The Poisson integral of fis uniformly in I”(N') and it converges in L? to its
boundary value f. Since convolution against the Riesz kernels ry (X € §,) is
a bounded operator from I (N) into LY(N), one concludes that the function
wf()? ) (which, we recall, is not always harmonic) is uniformly in L7(N') and
that it converges to Ryf = f* ry in L?-norm. The same argument applies to
the components w(X ) when X € §,,, giving a bounded operator from I? into
P If X;,...,X, is an orthonormal basis of g,, > Xiry, is the Dirac-
distribution on N; therefore 3; X;w(X;) = Z f* X;(P * ry) = f+ P and so
this function is also uniformly in I”(N). Finally, Q being an approximate
identity, the component wf(W) = f* Q is clearly uniformly in (N ) and it
converges in If-norm to f. Q.E.D.
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In the next theorem we show that the mapping f — «; from I(N) into H?
is actually an isomorphism onto. Together with Theorem 3 this implies that
every form w in H” has boundary values in the appropriate sense, and that the
boundary values of the components of w along the vector fields X (X € 1) are
precisely the Riesz transforms of the boundary value of the component of w
along the vector field W.

THEOREM 4. Let w € HP. Then there exists a unique f € [P(N) such that
W=
f‘

PROOF. LetX;, ..., X,, be an orthonormal basis of §,, L = 3 X?, and let
Y be in the center of fi. For any closed form ¢ on M, a straightforward
computation using Lemma 1 shows that A(S; X;£(X,)) = L8¢ and A&(Y)
= Y¥6¢. Therefore w € H” implies that the functions 3 X;w(X;) and (¥) are
harmonic; they can then be written as Poisson integrals 3, X, w(X;) = f* P
and o(¥) = ¢ * P, with f, ¢ € LP(N). Let w; be the form associated to f by
equation (23); then w(¥) = f* P+ r, = 3 X (X)) * YG, and since Y is in
the center of T, this last expression is equal to Y(Z,; X;w(X;)) * G. But
S X.w(X,)) = Lw(T), so we can write

(24) "’j(?)=£W(Y)*G=1:(<P‘P)*G=cpt£P*G.

Now the functions G, P and LP are biradial and since G is a fundamental
solution for the operator L, one has

LP+G=G+LP=L(G+P)=L(P+G)=P.
Substituting in (24) we get w( Y)=¢x* P =uw(Y).
Now set w’ = w — w,; then € H? and if Y is in the center of Ti, we have
shown above that w/(¥) = 0; let X be an arbitrary element of 7i; then

Yo' (X) = X' (¥) + (¥, X]) = 0.

Consequently, the functions «'(X) are constant on the orbits of the center of
N under the action 7; on the other hand, «' € HP? implies that ’(X) is in I?
of the orbits of 7(N), so that these functions cannot be constant on the
submanifolds 7(exp 7,,) unless they are identically zero. We then conclude
that ' (X) = 0 for all X € 7, and exactly the same argument shows that
(W) = 0. Thus ' = 0, proving that w = wp, as claimed.

Theorems 3 and 4 can be summarized by

COROLLARY. Let w € H?; then w(W), w(X), w(Y) have boundary values in
IP, 1%, and I” respectively, and if f = boundary value of (W), then & = w;.

REMARK. As observed before, the results of §§2-3 hold under the assump-
tion m = m, + 2m,, > 3. In the two remaining cases m = 1 (usual upper-
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half plane) and m = 2 (three-dimensional real hyperbolic space), appropriate
modifications in the definitions of the Riesz transforms and in the length of
the vector field W, yield similar results. In particular, for m = 1, one gets the
classical relation between conjugate harmonic functions in the upper-half
plane and the Hilbert transform on the line.
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